The application of FEM is shown for free vibration analysis of moderately thick laminated composite plates with edges elastically restrained against translation and rotation. The governing equations employed are based on the first order shear deformation theory including the effects of rotary inertia. Several combinations of translational and rotational elastic edge constraints are considered. Convergence study with respect to the number of nodes has been carried out and the results are compared with those from past investigations available only for simpler problems. Angle-ply and cross-ply laminates with different thickness-to-length ratios are examined. Comparisons are made with results for thin as well as moderately thick laminated plates.
Introduction
Plates and plate-type structures have gained a special importance and notably increased engineering applications in recent years. A large number of structural components in engineering structures can be classified as plates. Typical examples in engineering structures are floor and foundation slabs, lock-gates, thin retaining walls, bridge decks and slab bridges. Plates are also indispensable in ship building and aerospace industries. The wings and a large part of the fuselage of an aircraft, for example, consist of a slightly curved plate skin with an array of stiffened ribs. The hull of a ship, its deck and its superstructure are further examples of stiffened plate structures. Plates are also frequently parts of machineries and other mechanical devices Szilard [1] . It is worth mentioning that there exist altogether 21 different combinations of classical boundary conditions for a rectangular plate Chakraverty [2] . Although, elastically supported plates are very important in the application, however very few publications are available in the literature for composite laminated plates with edges elastically restrained against rotation and translation. The vibration analysis of laminated plates is essential for design proposes. It is well known that the actual restraints along the edges of plates often deviates from that provided by classical edge conditions traditionally denoted as simply supported, clamped and free. In many cases, although the computed results seem to be satisfactory for design proposes, but in many other situations, the simplified classical modeling of the plate edge conditions leads to significant errors and thus elastic restraints should be included for modeling purposes. Most of the previous works on plates with elastically restrained edges are limited to isotropic thin plates. An excellent review of the works on plates with elastic restrained edges can be found in a recent paper by Ashour [3] . Chung et al. [4] investigated the free vibration analysis of orthotropic Mindlin plates with edges elastically restrained against rotation using Rayleigh-Ritz method. Hung et al. [5] studied the effects of elastic support at edges on natural frequencies of thin symmetric cross-ply laminates. Bert and Malik [6] used a semi-analytical differential quadrature method to investigate the effects of rotationally restrained boundaries on natural frequencies of symmetric cross-ply laminated plates with two opposite edges simply supported. Liew et al. [7] studied the free vibration of symmetric crossply laminated plates being elastically restrained against rotation and translation. A review on the stress and vibration analysis of composite plates is studied by Sharma et al. [11] . Free vibration analysis of moderately thick antisymmetric cross-ply laminated rectangular plates with elastic edge constraints is studied by Sharma et al. [12] . A review of the recent development of the finite element analysis for laminated composite plates from 1990 is presented by Zhang et al. [13] . Kant et al. [14] studied a refined higher-order theory for free vibration analysis of unsymmetrically laminated multilayered plates. A fournoded rectangular element with seven degrees of freedom at each node is developed by Ghosh et al. [15] for the vibration analysis of laminated composite plate structures having a constant thickness of any individual layer. Ashour [18] studied buckling and vibration of cross-ply laminated plate with edges elastically restrained using the finite strip transition matrix technique. Setoodeh and Karami [19] used three-dimensional elasticity approach to analyze composite plates with edges having three translational elastic stiffnesses. Due to complicated mathematical structures of the boundary conditions for anisotropic plates, closed form solution may be found for only a few special cases. Therefore, approximate methods must be devised for vibration analysis of such members. Finite element method is the most common method, which have been widely used.
In this paper, free vibration analysis of laminated plates with four edges elastically restrained against rotations and translations are investigated by FEM. The first order shear deformation theory is used to incorporate the effects of transverse shear deformation and rotary inertia. In comparison to the vibration analysis of moderately thick symmetrically laminated plates described by three field variables ( , φ , φ ), the vibration analysis of moderately thick laminated plates is described by five field variables ( , , , φ , φ ), as described below. The accuracy, convergence and versatility of the algorithm are demonstrated via different examples for thin as well as moderately thick laminates. This work, thus, aims to study the free vibration problem of laminated plates with elastically restrained edges which appears to have not been studied as yet. Figure 1 shows the geometry of a laminated rectangular plate made up of orthotropic layers. Considering the first order shear deformation theory, the displacement fields are expressed as follows [21] :
Mathematical Formulations
The strain displacement relations can be expressed as follows. In-plane strains at the mid-plane are:
The curvatures are:
The shear strains in xz and yz planes are:
The constitutive equations are
Where, for an -layered ( = 1 2 ) plate,
and
The stiffness constants Q ( ) for the layer are
For the cases of symmetric and antisymmetric cross-ply laminated plates made up of orthotropic layers
Equations of motion in terms of stress resultants and nondimensional coordinates can thus be derived using the principle of virtual work or the equilibrium considerations as [21] 
The inertias are defined as follows:
Since every laminated plate considered in this work has symmetry in terms of density (ρ) about the mid-plane ( = 0), the inertia component I 1 is always zero. In Equations (18)- (19) , by putting the parameter α = 0 or 1, the presence of in-plane inertia in the formulation is controlled. Using Equations (2)- (17), the Equations (18)- (22) can be expressed in terms of the five displacement components ( , , , φ , φ ), defined in Equation (1).
Method of solutions
We note that the force and moment resultants contain, at the most, only the first derivatives of the dependent variables ( , , , φ , φ ). Therefore, they can all be using the Lagrange interpolation functions. Thus the plate bending element of the first-order plate theory is a C 0 element. In the linear free vibration problem of a laminated plate, each of the five degrees of freedom at each of the nodes of the mesh can be assumed to be varying sinusoidally with respect to time, excluding the constrained degrees of freedom at the nodes located on boundary. Thus for example, the displacement component at the ( ) point is assumed as,
The elastic edge conditions applied in this work are as follows.
Along the edges = 0 :
Here, as shown in Figure 1 , ( = , , , φ , φ & = 1 2 3 4) are stiffness associated at the respective edges ( = 1 for = 0, = 2 for = 0, = 3 for = & = 4 for = ) with the corresponding degrees of freedom. Finally, using Equation (24), a linear algebraic equation is obtained corresponding to each of the five degrees of freedom at each node from the Equations of motion (18)- (22) or from the boundary conditions (25)-(26) depending on the location of that node being in the interior or on the boundary of the rectangular domain.
All these algebraic equations are assembled to get the following matrix eigenvalue problem.
Here, for example, the vector U contains the amplitudes for the displacement component as follows:
The eigenvalue problem given in Equation (27) is then solved.
Numerical examples
The present study is first validated by carrying out convergence study with respect to mesh dimensions (M × N) and by comparison with results available in the literature. The default parameters of the laminated plates are as follows.
E /E = 40 Table 3 . Convergence study with respect to the results given by [20] and [9] for a cross-ply laminates (0 The boundary condition corresponding to each of the five degree of freedom at each of the four edges can be continuously varied from the classical natural boundary condition to the classical essential boundary condition by varying the appropriate¯ from zero to a very large positive value (= 1 8). Thus, for example, on the edge ( = 0 or ), as φ varies from zero to a large positive value, the edge condition varies from the classical simply supported case to the clamped case, with appropriate values of other stiffness at that edge. 
Different examples of thin as well as moderately thick angle-ply and cross-ply plates with different set of boundary conditions including elastic restraints are examined here. Without loss of generality equal number of grid points in x-and y-directions is assumed. To define the boundary conditions along the edges the alphabet sym-bolism will be used, so that S − C − E R − F indicates a plate with edge = 0 simply supported, edge = 0 clamped, edge = elastically restrained against rotation, and edge = free.
Laminated plates with classical boundary conditions
Very limited results are available for moderately thick composite laminates with elastically restrained edges. No analytical solutions can be found. A method of verification of the numerical results can be performed by considering the eigenvalues limits, as the stiffness of elastic edge approaches limiting values of zero and infinity. In the examples to be considered, Equation (33) are used to simulate the classical boundary conditions.
Cross-ply laminates
To show the computational efficiency of FEM, a thin square plate composed with three orthotropic layers (0
The material properties of each layer are [20] :
23 /E 22 = 0.2, and ν = 0 25.
The accuracy and convergence behaviors of the solutions for three different sets of boundary conditions with at least a free edge were investigated, the results of which are shown in Table 1 to Table 3 . To compare the solutions the results of Karami [20] and Aydogdu et al. [9] are also cited. Using only eleven grid points, the results agree with those of Karami and Aydogdu et al. It is obvious that by increasing the number of grid points, the accuracy of the results will be increased.
Angle-ply laminates
Moderately thick angle-ply laminates with clamped and simply supported edge conditions are considered as another example. The material properties [20] of each layer are:
The convergence behaviors of the first eight frequency parameters are tested in Tables 4 and 5 for laminates with simply supported and clamped edges, respectively. To compare the solutions the results of Karami [20] and Wang [17] are also cited.
Laminated plates with elastically restrained edges
The application of the method for composite laminates with elastic edges is exhibited by considering two cases. The results for the first eight frequency parameters are presented in Table 6 . The results are prepared for two different values of thickness to length ratios for the elastic edges stiffness of = 10 8 . The number of grid points was increased until converged results of up to five significant digits were obtained for all eight-frequency parameters. Eleven grid points were sufficient to yield highly accurate solutions. The convergence study on the first eight frequency parameters of angle-ply laminated plates with three layers is shown in Table 7 . To compare the solutions the results of Karami [20] are also cited. Using only eleven grid points, the results agree with those of Karami [20] . It is obvious that by increasing the number of grid points, the accuracy of the results will be increased. As another example, the symmetric nine-layer (0
cross-ply laminates with all edges elastically restrained against rotation and translation are considered. This example is adopted from the work of Liew et al. [7] , who solved the problem using Pb2-Ritz method. Similar to Liew et al. [7] , the values of stiffness parameters of elastic edges are assumed to be equal along all four edges. The material properties [20] Figure 2 and Figure 3 . The material properties, the geometries and definitions of stiffness parameters of the plates are similar to those of Liew et al. [7] . In all cases one can see that increasing the stiffness parameters, the frequencies are increased. As described earlier with the help of Equations (25)- (26), the classical boundary conditions of simply supported (S), Clamped (C ) and Free (F ) edges are easily applied by assigning the the values comprising only of zeros and a large positive number (= 10 8 ). The effect of variation of the stiffness parameter , while varying only the non-zero ones in the last three rows of the Equation (34), is plotted in Figure 2 and Figure 3 for two values of the thickness ratio ( / = 0 1 and 0 2). It can be observed that the variations in frequencies become almost negligible starting from the value of 10 4 for the stiffness parameter . In both these figures, the edge conditions considerably affect the spread among the fundamental frequencies of all the two plates. However, this spread is negligible for ( < 10), and, later on the spread becomes constant beyond ( > 10 4 ).
Conclusion
This paper presents the vibration analysis of moderately thick laminated composite plates with edges elastically restrained against transverse and rotational displacements. The completeness of the present FEM was demonstrated for angle-ply and cross-ply plates under different boundary conditions. The effects of ply orientations and thickness-to length ratios were investigated. The numerical results show that the FEM can yield convergent and accurate solutions for thin and moderately thick laminated plates with classical boundary conditions and elastic edges supports. It is expected that the data presented in this paper will serve an important role in providing other researchers with reference values with which to compare their results.
